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Abstract.  
This work presents a general formulation to identify the contact points for the interaction between 
wheels and rails in the context of railway dynamics simulations. This formulation treats the wheel and 
rail as parametric surfaces and searches the contact between each wheel strip and the rail independently 
to avoid the numerical difficulties due to the wheel concave zone. This methodology assumes the rail 
as locally straight and takes advantage that its potential contacting surface is always convex. For the 
evaluation of contact forces, two Hertzian-based models are employed for normal and creep forces. A 
trailer vehicle running on a curved track is used to demonstrate the effectiveness of this methodology. 
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1 Introduction 
The vehicle-track interaction has a significant impact on the dynamics of railway 
vehicles, therefore, the computational modeling of wheel-rail contact interaction 
has been investigated in terms of contact search [1], normal and creep forces eval-
uation [2], determination of contact patch shape [3], among others. In fact, the de-
velopment of more accurate and efficient methodologies to evaluate wheel-rail 
contact improves the reliability and applicability of railway dynamics simulation. 
A typical contact detection procedure between wheel and rail involves the ge-
ometric definition of both bodies and the identification of the contact location. 
There are two main methodologies to handle this problem, namely the constraint 
and the elastic approaches. The former considers the bodies fully rigid, a set of 
nonlinear kinematic constraints are defined, and the contact forces are determined 
during the resolution of the equations of motion [4], while the latter allows pene-
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tration between bodies, since they can locally deform, and the normal forces are 
obtained with a spring-like behavior [5]. The elastic approach is employed here. 
Wheel and rail elements are typically defined through parametric surfaces in 
which their profiles are described by continuous functions. In most cases, their in-
teraction occurs between the rail head and wheel flange or wheel tread, which rep-
resent non-conformal configurations. However, in the wheel transition zone, con-
formal contact can occur, leading to the appearance of numerical problems [6]. 
Some authors neglect the concave transition zone between tread and flange to 
avoid these issues [2], however, the results’ accuracy may become compromised. 
The main objective of this work is to present a methodology for the contact de-
tection between wheel and rail surfaces. The remainder of this paper is divided as 
follows. Section 2 explains the surfaces parametrization as well as the procedure 
to identify the contact points. In Section 3, the contact force models utilized here 
are described. A trailer vehicle running on a curved track is used as example of 
application in Section 4. Finally, some conclusions are provided in Section 5. 
2 Wheel and Rail Parametrization 
An accurate mathematical description of the wheel and rail contacting surfaces 
improves the accuracy on the contact detection. Therefore, the rail is obtained 
through the sweep of its cross-section along a given path, and the wheel is defined 
by the revolution of its cross-section. Here, both surfaces are parametrized, name-
ly a point on the rail is given by the path’s arclength (
rs ) and its lateral coordinate 
(
ru ), and a point on the wheel surface is defined through the angular parameter 
(
ws ) and the lateral coordinate ( wu ). This parametrization is schematically repre-
sented in Fig. 1. Moreover, both wheel and rail profiles are defined through ana-
lytical functions given in the respective standards and represented in Fig. 2. 
Two arbitrary points, P and Q, located on rail and wheel surfaces can be given 
as function of the surface parameters. Regarding point P, the arclength of the rail 
r,
side
Ps  allows to identify the position of a given rail cross-section, r
side
r , and its ori-
entation by a set of vectors 
r
side
t , r
side
n  and r
side
b , which represent the tangent, nor-
mal and binormal vectors, respectively, as depicted in Fig 1. Thus, the rail trans-
formation matrix can be defined as 
 
r r r r
side side side side =  A t n b  (1) 
Hence, the position of point P is calculated as 
  
T
r r r, r,0
side side side side side
P P Pu f= +r r A  (2) 
where r,
side
Pu  is the rail lateral parameter of point P, and r,
side
Pf  denotes the ordinate 
of the rail profile for r,
side
Pu , as shown in Fig. 2 (left). Moreover, the superscript side 
stands for “L” or “R”, whether it refers to the left or right elements, respectively. 
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Fig. 1 Parametrization of wheel and rail surfaces 
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Fig. 2 Representation of both rail and wheel profiles and their local coordinate system. 
In order to obtain the rail position and orientation to be used for the contact de-
tection, it must be found the parameter r
sides  that minimizes the distance between the 
wheel and rail profiles represented by 
rw
side
d , shown in Fig 1., and calculated as 
 ( )rw r ws wside side side= − +d r r h  (3) 
in which wsr  defines the location of wheelset mass center and w
side
h  is the relative 
position between the wheelset mass center and the wheel profile origin given as 
 Lw ws2H= h a  or 
R
w ws2H= − h a  (4) 
where H denotes the distance between both wheel profiles and wsa  is the wheelset 
axial unit vector. The minimum distance can be obtained by satisfying 
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rw r 0
side side =d t  (5) 
Hence, r
sides  is obtained and utilized to determine the rail profile location, r
side
r , 
and orientation, r
side
A , for the remaining contact search. In what concerns to point 
Q on the wheel surface, it is defined following the representation of Fig. 1 as 
  
T
ws w w w,s w, w,0
side side side side side side
Q Q Qu f= + +r r h A A  (6) 
in which w,
side
Qu  is the lateral wheel surface parameter of point Q, w,
side
Qf  denotes the 
ordinate of the wheel profile function for the position w,
side
Qu , as represented in Fig. 
2 (right), and 
w
side
A  is the wheel transformation matrix which allows to obtain a 
wheel coordinate system aligned with the rail frame, and it can be computed as 
 w w w w
sideside side side =
 
A n a b  in which 
w ws
w r w r w
w w w
side
side side side side side
side side side
 =

=  

= 
a a
b t a t a
n a b
 (7) 
The transformation matrix w,s
side
A  specifies the rotation around the wheel axis, 
which depends on the angular surface parameter, w,
side
Qs , and is defined as 
L L
w, w,
L
w,s
L L
w, w,
cos( ) 0 sin( )
0 1 0
sin( ) 0 cos( )
Q Q
Q Q
s s
s s
 
 
=  
 − 
A  or 
R R
w, w,
R
w,s
R R
w, w,
cos( ) 0 sin( )
0 1 0
sin( ) 0 cos( )
Q Q
Q Q
s s
s s
 − −
 
= − 
 − 
A  (8) 
Based on the relation between wheel and rail coordinate systems, the roll angle, 
 , and yaw angle,  , are obtained through successive rotations of vector 
w
side
a . In 
order to find the potential contact points, one constraint concerns the parallelism 
between both normal vectors. Considering the rail is locally straight, the normal 
vector to the wheel surface must be in the plane formed by 
r
side
n  and r
side
b , which 
yields that the first element of the wheel normal vector in the rail coordinate sys-
tem must be zero. This vector is obtained from the following consecutive rotations 
 ,w,sw, ,r w, w
side side side side
Q
s de
Q
i
 =n R AR n  (9) 
in which 
side
R  and 
side
R are the rotation matrices of roll and yaw angles, respec-
tively, and the normal vector to the wheel surface in local coordinates is given as 
 ( ) ( )
T
w, ,w w, w,0 sin cos
side side side
Q Q Q  = − n  (10) 
where 
w,
side
Q  denotes the wheel contact angle on point Q, which is represented in 
Fig. 2, and can be calculated as function of the profile function as 
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 ( )'w, w,arctanside sideQ Qf =  (11) 
It must be noted that the remaining vectors represented in Fig. 2 can be similarly 
obtained. Thus, imposing that the first element of the w, ,r
side
Qn is zero, it yields 
 ( )( )ww, ' ,arcsi tannside side sideQ Qfs −=  (12) 
Moreover, the distance vector between wheel and rail potential contact points, 
side
d , must also be parallel to both normal vectors. Thus, it is possible to calculate 
the increment of location of rail contact point so sided also falls in the plane 
formed by 
r
side
n  and r
side
b , as depicted in Fig. 3. This increment is determined as  
 ( ) ( )LL 'L Lw, wL , w, sinQ Q Qx f f u  −=  or ( ) ( )R R 'Rw, w, w,R RsinQ Q Qu f fx − =  (13) 
Accordingly, Eq.(2) must be replaced by 
  
T
r r r, r,
side side side side side side
P P Px u f= + r r A  (14) 
R
rs
Rα
R
w,Qu
Rx
Q
R
w,Qs
R
w,Qf
Q
View AA
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Fig. 3 Representation of the increment on longitudinal direction for the contact point in the rail. 
The wheel angular coordinate and the longitudinal position along the rail can 
be analytically evaluated with Eq. (12) and (13), respectively. Thus, the contact 
points only depend on w,
e
Q
sidu  and r,
e
P
sidu . For each wheel strip, the rail lateral parame-
ter which ensures that sided  and r,
e
P
sid
n are parallel can be obtained by solving  
 r,u, 0
side side
P =d t  (15) 
Therefore, to find the contact points, an optimization problem must be 
formulated to find the wheel strip with the largest penetration which is given as 
 
side = d  if r, 0
side side
P  n d  (16) 
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3 Contact Forces Models 
The contact forces play a key role on the dynamic behavior of the multibody sys-
tems, since they must consider the geometrical and physical properties of the con-
tacting bodies and contribute for the stable resolution of the equations of motion. 
Regarding the normal contact force evaluation, a Hertzian-based model is 
utilized here [7] which can be expressed as 
 ( )( )
e 0
2 3
n e e 0 0
0
1 3 2
n
n
n
K c v
f K c c r r v v
K v
 
 
 
  −
  = + − − −    


 where 0
02
v
r
v
 +
=  (17) 
where K  is the contact stiffness that depends on the local geometric and material 
properties,   denotes the penetration depth,   represents the penetration veloci-
ty, 0v  denotes the tolerance for the penetration velocity, ec  is the coefficient of 
restitution, and n  is an exponent that defines the degree of nonlinearity. 
In what concerns to the creep forces, Polach method is adopted in this work 
since it complies with Hertz theory by considering an elliptical contact patch [8]. 
The longitudinal and lateral creep forces and spin creep moment are evaluated as 
 x
x
C
f f


= , S
y
y y
C C
f f f
 
 
= + , 0zm =  (18) 
where x , y  and   are the longitudinal, lateral and spin creepages, respectively, 
  and C  denote the magnitude of translational creepage and the modified transla-
tional creepage, f  is the tangential contact force caused by the longitudinal and 
spin creepages and 
Syf  expresses the lateral tangential force due to spin creepage. 
Both forces act as external forces on the wheelsets and are included on the 
equations of motion which, for constrained multibody systems, can be given as [9] 
 
22
T
 
     
=     
− −      
q
q
M Φ q g
Φ 0 λ γ Φ Φ
 (19) 
in which M  denotes the global mass matrix, 
q
Φ  expresses the Jacobian matrix of 
the constraints equations, q  is the generalized accelerations, λ  denotes the vector 
of Lagrange multipliers, which represent the reaction forces on ideal joints, g  is 
the vector of external generalized forces, γ  is the right-hand side vector of accel-
eration constraint equations, Φ  and Φ  denote the violation of constraints at posi-
tion and velocity level, respectively,   and   are feedback control parameters of 
Baumgarte technique for constraints stabilization. Eq. (19) must be solved in each 
time step to get the system’s accelerations, which are then integrated over time. 
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4 Example of Application 
A trailer vehicle negotiating a left curve with a radius of 300 m is used as applica-
tion case. This multibody model includes 11 bodies, namely 4 wheelsets, 4 axle-
boxes, 2 bogie frames and the carbody. The vehicle starts with a forward velocity 
of 18.3 m/s, being the total simulation time 41 s. The initial configuration consid-
ers a lateral misalignment of 2 mm to promote the hunting motion of the system. 
 
(a) 
 
(b) 
Fig. 4 Representation of the location of the main point of contact for each patch over time. 
The contact in the right wheel of the leading wheelset of the front bogie is ana-
lyzed in detail, since it is the external wheel relatively to the curve where the 
flange contact occurs. Thus, Figs. 4 (a) and (b) display the location of the several 
contact points in the wheel profile over time for the simplified profile and real pro-
files, respectively. For the beginning of motion, it is verified that both profiles per-
form a hunting motion due to the initial misalignment. This can be seen through 
the wave-like behavior in the contact location. During the curve negotiation, big-
ger differences are identified. With the simplified profiles, the contact is deter-
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mined independently in the tread and flange, and it is observed that there is simul-
taneous contact in the tread and flange from 5.2 s until 37.1 s. On the other hand, 
for real profiles, during most of the curve, only one contact patch exists, which is 
in the wheel transition zone. However, in some periods, the wheel and rail may in-
teract in more than one location which results in multiple contact patches. 
5 Conclusions 
A methodology for contact detection between wheel and rail considering realistic 
geometries is presented here. This method uses the assumption that the rail is lo-
cally straight and searches the strip which corresponds to the maximum virtual 
penetration for each contact patch. The dynamic simulation of a trailer vehicle 
running on a curved track verifies the effectiveness of the proposed methodology. 
The results show that this approach allows the existence of multiple contact patch-
es in each wheel-rail pair and that the simplification of the wheel profile in the 
transition zone does not allow an accurate identification of the contact points. 
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